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Summary

As computer speed and memory increases the amdunt o
data to be processed grows even faster, requiriage m
sophisticated algorithms to run on the new hardware
Terrain and subsurface formation modeling have
experienced this data explosion, along with a dehfan
larger output models. In this paper | present d-based
surface modeling algorithm that makes little demamd
computer RAM and wuses only simple and local
mathematical operations while creating a mathemlatic
C? continuous solution. The algorithm is competitivith
other gridding algorithms on small or medium sizad
sets. For large problems, problems with tens difans of
input data values and output grids with billionsrafdes,
this algorithm produces a solution while many other
algorithms are just starting or have already crdshe

Introduction

The new gridding algorithm presented here, named
Cyclical B-Spline Gridding (CBSG), is a disk-based,
mathematical algorithm for gridding large data s&t<3D
view of a terrain model created using CBSG fromebar
earth LIDAR collected over the city of Baltimoreshown

in Figure 1. Approximately ¥2 the nodes in this noae

the result of interpolation across multi-node gapshe
data. These results are typical of those produdes t
algorithm

Figure 1. 3D view of a model of part of downtown
Baltimore created by Cyclical B-Spline Gridding.

LIDAR (Light Distance and Range) data is the best
example of a recently available data type thatciases the
amounts of data by orders of magnitudes. ***

CBSG is an extension of an in-core, iterative, Birfep
algorithm. (Lee, Wolberg and Shin, 1997) My
implementation follows the workflow of the original
algorithm, and retains the accuracy of that alparitLike
that algorithm CBSG implements a one-directional,
multilevel solution, working with coarse grids dugiearly
iterations and increasingly finer resolution gridaring
later iterations. The major difference is that CB®Guires
minimal RAM, demanding at most space to hold 2@ gri
columns in core at any point during execution. Beeaof
the conservative use of RAM, CBSG substantially
increases: a) the size of data sets that can beletdnd;

b) the size of the grids that can be produced.

The price paid for minimal use of RAM is relianae disk-
based storage of intermediate results. Of coutsmetis
time penalty for this use of disk space. But thizetpenalty

is worth paying in exchange for the ability to lbularge
grids from large data sets with a robust mathemhtic
model. In fact, CBSG is simple enough that even for
smaller data sets and smaller grids it executdssis time
than many other gridding algorithms. CPU and whdtk
times for use of this algorithm for various datessend grid
sizes are shown in Table 1.
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Control Points Grid Node§ CPU Wall Clock
(millions) (minutes)| (minutes)
89,000 .3 2 .3
250,000 4.6 4 .5
250,000 18.5 .5 1
2,700,000 7.7 1.8 3.2
5,700,000 8.3 5.7 11
5,700,000 133.0 17 78
30,000,000 380.0 50 205
145,000,000 4,876 170 600

Table 1: Algorithm CPU and wall clock times

For practical purposes the primary constraint angughis
algorithm is the amount of free hard disk spacdlatvie.
To my knowledge, alternative gridding algorithmsatth
solve such large problems with minimal demand onvVRA
have not been described in detail in a public farum

Previous Work

The general problem of converting measurementsesedt
over a 2D surface into a continuous (sampled) maslel
encountered in many scientific domains with wide
variability in data density and data set sizes.

An assumption for all 2D gridding is that the dasa
sampled from an elevation function F, mapping-R R*
and that the derived model approximates F to soegeee
of accuracy over R F may have a stochastic component.
This problem has been studied for decades. It ssiply
impossible, and probably useless, to describeypls of
computer gridding algorithms and their individual
variations. Reviews can be found in papers ankbby
Foley and Hagen (1994), Franke and Nielson (19Rihes,
Hamilton and Johnson (1986). A recent, general gaep
algorithm for solving large gridding problems usimgtrix
formulations and iterative techniques has beereptes by
Billings, Beatson, and Newsam (2002). Their aldponit
works with many different mathematical models forface
modeling.

It is hard to get descriptions of algorithms that seported
to handle the massive size of data sets and DEMelmod
created from them. This is, | think, because such
algorithms have commercial value but are not pteteby
patents, so that authors are reluctant to provtdeptete
algorithm descriptions. This certainly is true &gorithms
provided by GIS companies, which tend to be coram
in revealing algorithm details in public.

A paper by Agarwal, Arge and Danner (2006) doesige

a detailed explanation of their algorithm which éragizes
I/O efficiency. They start by using a quad trega(tdson

and H. Samet) to partition the data into non-oymriag

sets indexed for efficient access. Next, for eagmenty,
they compute the set of pointsgnand all segments
neighboringg. Finally, they interpolate DEM nodes inside
each leaf segment independently using points withen
segment and its neighboring ;rsg segments. Thefuse
neighboring segments guarantees a level of DEM
continuity across segment boundaries. They do
interpolation by an implementation a spline aldoritwith

a tension parameter (Mitas and Mitasova, 1993)ar#gl,

et al, speed up their algorithm by thinning pointeach
quad tree leaf segment so that it includes onlgtsthat

are at least a user-specified distandéeom all other
points within the segment. They report building DEM
with as many as 53 billion nodes from data stored i
the quad tree with between 66 and 400 million @int
On the largest

A tradeoff rarely addressed when evaluating grigdin
algorithms is between dependence on RAM and
dependence on hard disk memory. In related domains
such as computational geometry, this tradeoff ierof
considered important. For example, sweep-line &lyos

for finding intersections between members of acédine
segments are both memory efficient and a naturgl wa
organize computations. For surface modeling, Fe'sin
(1989) sweep-line based, 2D triangulation is arortigm
that could be used for gridding that would maketretly
light demands on RAM. Fortune’s algorithm is knoterbe
slower than divide and conquer triangulation aldons. |

do not know if it is being used anywhere for suefac
modeling instead of divide and conquer becausts ahnall
RAM footprint.

For CBSG, the criteria for algorithm selection was
ability to model large data sets and create latgéase
models in small amounts of RAM, without sacrificing
mathematical properties such as accuracy and C
continuity. | wanted, at least in theory, an algon that
could solve any size gridding problem. CBSG isrisult.

It is an extension of an in-core, hierarchical BuSp
gridding algorithm. Like that algorithm, it is fasind
creates a € mathematical surface model. By trading
computational time for disk access, | implemented a
gridding algorithm with the good qualities of the-dore
algorithm with much reduced dependence on computer
RAM. While developed for the petroleum industryhert
fields of application include meteorology, ocearagiy,
GIS, water quality modeling, engineering, chemistry
medical imaging, and physics.
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Hierarchical B-Spline Gridding

In-RAM algorithm*

Creating a grid-based surface model with B-Splines
requires the calculation of a lattice of controlrte over a
grid at the same (delta x, delta y) resolution.sTisi done
whether or not a RAM efficient implementation isnted.
Lattice values are derived so that the use of ade set of
control lattice values to weight a set of fotft &der basis
functions in both x and y coordinates producessiimate

of surface values in each grid cell. The cubic Birfgpbasis
functions are

Bo(t) = (1-t°/6,
Ba(t) = (3¢ — 6€ + 4)/6,
Ba(t) = (-3¢ + 3¢+ 3t + 1)/6, and
Ba(t) = £/6,

where t is a normalized grid cell coordinate (Q}an
either x or y.

A multi-grid approach is followed, starting withcaarse 4
x 4 grid which is refined at each iteration urti¢ttarget
grid row and column spacing are achieved. Earhafiens
using, relative coarse grids, provide impose lagfrency
information in the scattered data. Increasinglgfin
resolution grids during later iterations are upddte
impose high frequency surface information presenheé
data. At the final grid resolution this compact |sot
avoids global influence from purely local data disttions
or local surface roughness. In addition, B-Splindaes
using 3* order basis functions aré Gontinuous, which
promises high quality interpolation between regioith
different data densities.

This general hierarchical B-Spline workflow is show
Figure 2. This high level workflow is the same Emth the
original algorithm and the one introduced in thiper.
Each rectangular block represents an intermedietk aj
some row and column spacing in the multi-grid
progression. Numbering the rows and columns of the
coarser grid as nrows and ncols, each refinement,
represented by the ovals, creates a new grid witro@s-3
rows and 2*ncols-3 columns at % the previous row an
columns spacing. The refinement process has theréea
that - before re-imposing the scattered data zegaluthe
lattice values of the new finer grid represent g@mme
surface model as the lattice grid that was refine8o

! The following paragraphs outline more detailed
information available in Lee, Wolberg and Shin (9

refinement provides a more localized ability to rofa
lattice weights to better fit the available data.

As shown in Figure 2 updating for each data painbives
changing local lattice weights stored at the nades4 row
by 4 columns subset of the entire grid centerethatcell
holding the data point. Each individual update nsakes
implicit surface fit that data point's z-value eatt For
sparse data scattered widely relative to grid ravd a
column spacing, this algorithm interpolates conpoint z
values exactly. However, even at the final, denggwst
resolution there may be multiple control points hivit 2
grid increments of many grid nodes. So the finad gvill
seldom interpolate the input data exactly. Insteadill
pass a smooth, representative surface model thrsugihn
dense collections of data.
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Figure 2: Algorithm workflow for B-Spline griddingn-memory
and disk-based implementations

In fact, the algorithm description above simplifies
hierarchical B-Spline data structures and matheralti
operations. Because multiple data points may énfbe the
updating of a single grid node, the algorithm per®
summation of update information in two auxiliaryids;
and only at the end of an iteration updates the Igtiice
values. An outline of the more detailed algoritbatline is
shown in Figure 3. The two “extra” grids hidden inehthe
lattice arrays aréd and & in Lee, et al (1997) in their
pseudo code at the start of Section 3.2, while the
mathematics to compute individual array values are
presented in equations (2) to (5) in their Sec8dn
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+— Tlata
Befing ———— &
a———Tlata
Refine
+—7ata

Figure 3. Showing 3 working arrays

CBSG Algorithm

The local, 4 x 4 updating of lattice values is #igorithm
feature that allows it store most columns of therent grid
model on disk during each iteration. For any onetrab
point updating modifies nodes in only 4 adjacend gr
columns. Grid columns to the left of these 4, anllimns
to their right, might as well be kept on disk. the data is
sorted on its x coordinate then lattice updates flolw
across the grid from left to right. As each newtoolrpoint
is reached, the 4 grid columns of interest willdither the
4 currently in memory, or a set of 4 adjacent calano
their right. This local focus of the algorithm cbimed
with sorting of the input data breaks the RAM coaisit.
The focus on a few columns is indicated by the avarr
rectangles inserted in each grid block in FigurerBese
rectangles represent grid columns that are in mgioany
one time. As indicated by the arrows, these prings
rectangles move across the grid from left to rightlumns
of the grid to the left of the window haveen updated and
can be written to disk. Columns to the right ati# sn
disk, not yet updated, waiting to be read into mgmo

The “moving window” just described, with a focus grd
column updating, is also applied to the “refinemestep.
Refinement also proceeds from left to righit any instant

a few columns of the grid at the “input” resolutiaill be

in memory while being used to generate higher densi
columns of the output grid. The output grid colatrave
twice as many nodes as the input columns. Thisotsa
problem because only three input columns need tebae
into memory to create two output columns. Agaime t
output columns are written to disk after creatidhe
refinement process moves to the right, and andtipart
grid column is read into memory.

«— Data

Refine ——

H — +—Data
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Figure 4: Disk-based workflow for CBSG. Computatibn
window moves from left to right.

Now, in fact, the algorithm description above sitfigd

algorithm data structures and mathematical opersitio
Because multiple data points may influence the tipgaf

a single grid node, the original in-core algoritperforms

summation of update information in two auxiliaryidg;,

and only at the end of an iteration updates the Igtiice

values. As shown in Figure 5, CBSG keeps 4 columns
from 3 grids in memory at one time. The actual atjod
of the lattice values in a left-hand column of tatice grid
is computed from the left hand column of the twaikary
grids just as the examination of a new control poéveals
that one or more new — right side — columns ofciuetrol
lattice need to be read from disk, and left sidgicka
columns updated and written to disk. New columnsttie
auxiliary grids are created as needed and nodeewdiu
those two columns start as zeros. Left hand coduofithe
auxiliary grids that are no longer needed are sirdpleted.
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Figure 5. CBSG workflow showing multiple working
arrays

CBSG incorporates other enhancements. The diagiams
Figures 4 and 5 show grid refinement as a distinct
operation. That would mean that for every iteratevel a
lattice grid would have to be read twice from amitten to
disk twice. | avoid this by interleaving grid mefment
with imposing data on the grid. As grid columnave the
processing window as the window moves to the ritig,
algorithm keeps a couple of extra left side colunims
memory so that the algorithm can do refinement AVR
and then write two new columns of the refined dmitice.

Another CBSG enhancement uses the RAM freed up by
keeping intermediate grids on disk. To the exfmdsible

the input data is stored in this freed memory. dBee
more than 10 algorithm iterations are often reqliamd
tens of millions of data points supplied, this amee of
memory can save billions of disk reads. Througheabj
oriented programming this enhancement can be made
transparent to the gridding code and tuned to trdvmare
the algorithm is executing on. In our case a ddfact is
defined which can be passed into CBSG and theregdes
where it is needed in that algorithm. This dataeobj
implements a “get next data” method. How the data i
accessed or stored is dependent on the environarht
programming skills of the user.

The result of all the enhancements discussed abnee
gridding algorithm constrained only by free spacetioe
computer’s hard disks. (Before | stress testedatherithm
| had to buy an external hard disk drive for my poer.

Then | discovered | needed a data and surfacelizatian

tool developed for the LiDAR industry.)

Example

Today the largest data sets being gridded on daebasis
are produced by airborne surveys of terrain usempr
altimeters, along with sophisticated navigationlgoand
GPS. Such LIDAR (Light Distance and Ranging) susvey
normally include tens or hundreds of millions oéation
samples. | show two results using this type of .daAtaare
earth data set covering part of Baltimore is shawRigure
6, with many large voids. The voids are caused lpyea
processing step that deletes (most) returns frogetedion
or buildings.. Figure 7 is a map view of the 4.Glion
node surface model produced by Basin Gridding.ufeid.,
included earlier in this article, is a perspectiwew of the
same mode. Data set size and processing timeshavens
in the second row of Table 1.
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Figure 6. Bare earth view of city center

4351000

435060

4350000

Figure 7. Map view of interpolated data

LIDAR data from Mount Saint Helens is the sourceaof
second example. | use LIDAR data covering muchhef t
northwest corner of the Smith Creek 7.5-minute, 8SG
guadrangle, itself located east of the Mount Skielens
guadrangle. Figure 8 shows data coverage from dl sma
((0)) part of the north west quadrangle. The pesing
statistics for this model are shown in row 4 of [Eab.
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Figure 8. 3D view of bare earth point cloud data

Figure 9

Discussion/Conclusion

An algorithm has been presented for creating rectan
grid-based surface models using disk storage tease the
size of the data sets that can be modeled andzb®fthe
models that can be produced. The method applies-mul
grid B-Spline gridding in a novel way such thatemmtal
storage space is required for only a few columnghef
target grid and one x,y, z triple of data at ang orstance.
The general workflow and mathematical details for
memory-based hierarchical B-Spline gridding aredned,
so there is no loss of accuracy from this use sif dtorage.
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